A SHORT COURSE ON ONE-DIMENSIONAL RANDOM 
SCHRODINGER OPERATORS 

DAVID DAMANIK 

(_P , Abstract. We discuss various approaches to localization results for one- 

Cn ' dimensional random Schrodinger operators, both discrete and continuum. We 

focus in particular on the approach based on Fiirstenberg's Theorem and the 
Kunz-Souillard method. These notes are based on a series of five one-hour 
lectures given at University College London in June/July 2011. 
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1. Introduction 

1.1. Overview. This short course will discuss Schrodinger operators with random 
potentials, both in the discrete and in the continuum setting. Thus, we will consider 
operators 

[i7„^](n) = [(A + K.)^]N = Y. ^'("') + VUnWn) 

\m—n\i — l 
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in (."^{U^) and operators 



d 



[H^i^]{x) = [(-A + V^)ij]{x) = - ^a,V(x) + V^{x)4,{x) 

i=i 

in L^(R'*)o Here, K; is a random potential to be specified below. Operator domains 
are chosen appropriately to ensure self-adjointness. The goal is then to identify the 
typical spectral properties of such operators, that is, spectral properties that hold 
with probability one. 

Let us first describe the global expected picture. In dimensions d = 1 or 2, it 
is expected that the associated quantum system is localized. On a spectral level, 
this manifests itself in so-called spectral localization, that is, the operator i?„ has 
a complete set of eigenvectors that decay exponentially in space. On a quantum 
dynamical level, one expects dynamical localization, that is, for initially localized i/', 
^-'itH^^ remains uniformly localized in space for all times. The dependence on uj 
of such statements may be controlled in some non-trivial way. In dimensions d> 3, 
on the other hand, localization phenomena are expected to depend on the strength 
of the randomness and the energy regime. More explicitly, spectral measures are 
expected to be pure point near the boundary of the spectrum (with associated 
exponential decay of the corresponding eigenvectors) and dynamical localization 
is expected to hold for initial states whose spectral measures are supported in a 
suitable neighborhood of the boundary of the spectrum. The size of this local- 
ized neighborhood of the boundary of the spectrum is expected to depend on the 
strength of the randomness, and in fact delocalization takes place outside a suit- 
able neighborhood of the boundary of the spectrum. Here, delocalization refers to 
continuous spectral measures and spreading of e~^*^'^tjj in space as |i| — > oo. 

The localization side of the expected global picture is quite well understood. The 
one glaring gap in our understanding is that localization at all energies is still an 
open problem in the case d = 2. On the other hand, it is well understood that 
there is localization at all energies in the case d = 1 and that there is localization 
near the boundary of the spectrum in the case d > 2o Moreover, for each of these 
statements, there are multiple proofs, each of which sheds a different light on the 
localization phenomenon and works under different assumptions on the model. In 
that sense, there is no single "best" localization proof. 

The cases d = 1 and d> 2 are quite different. For the purpose of a short course, 
one needs to focus on one case and hence the paths need to diverge at this point. 
We have decided to focus on the case d = 1 in this short course. One of the reasons 
is that there exist graduate-level expositions of localization proofs in the case d> 2 
similar in style and scope to the one offered here [51 [TUJ [T3] , but not in the case 
d= 1. 

1.2. Models and Results. Let us now describe the models we consider precisely. 
As explained above, we will restrict our attention to the one-dimensional scenario 



There is a tradition to consider —A in the continuum case and A in the discrete case. In fact, 
the definition of the discrete Laplacian used here deviates from what a standard discretization 
procedure would yield in that it drops a multiple of the identity, resulting in a spectrum that is 
symmetric about zero. These choices are standard and do not affect the mathematical content of 
the results obtained, but merely their formulation. 

An important exception is the Bernoulli single-site distribution in the discrete case. 
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and hence consider operators 

(1) [Hu'^]{n) = il}{n + 1) + ij{n - 1) + V^{n)iP{n) 
in £^(Z) and operators 

(2) [H^^]{x) - -i'"{x) + VUxMx) 

in L^(R). The potential T4; wiU depend on a parameter w, chosen from a probabihty 
space (ri,/i). 

Before giving a formal definition of £7, /i, and VL, for w G fi, let us informally 
discuss what the model is supposed to describe. The type of randomness we want 
to capture is that of a sequence of independent identically distributed ("i.i.d.") 
random variables. That is, in the discrete setting for example, the potential value 
at each site, 14)(ri), is supposed to be drawn from some probability distribution 
on M (since we want our potentials to be real-values to ensure self-adjointncss 
of Hi^), this probability distribution is the same for all sites, and the values are 
drawn independently from this distribution. Let us call this common probability 
distribution v. Clearly, the resulting potentials will be bounded if and only if the 
topological support of v is compact. All interesting phenomena related to random 
potentials already occur in this special case, so we will restrict our attention to it. 
Once I' is chosen, it is then clear how to formally define the K;'s: 

Definition 1.1 (Discrete Case). Given a probability measure v onM. with suppi/ 
compact, let fl — (suppi/)^, /i = v^ , and Vuj{n) = ujn for a; G 51. 

By compactness of supp i^, the potentials 1^ are (real-valued and) bounded, 
and hence the operators H^ in ([T|) with domain given by £^(Z) are bounded and 
self-adjoint. 



Remark 1.2. Let us note for later use the following regarding Definition \l.l\ Since 
supp V is assumed to he compact, Q. is a compact metric space. Moreover, with the 
homeomorphism T : O — > 17, {Tuj)n = ^n+i and the continuous sampling function 
/ : r2 — > R, f{io) = loq, we can write V^(n) = f(T"'Lj). 

In the continuum case, we follow a similar path and construct the potentials V^j 
from a sequence of i.i.d. random variables. Each of them will play the role of a 
coupling constant, signifying the local strength of a common single-site potential. 
To ensure independence on the level of the potential, one assumes that the support 
of the single-site potential is contained in a sufficiently small interval. Typically, 
one wants non-overlap. Thus, we are led to the following definition of the potentials 
in ©I 

Definition 1.3 (Continuum Case). Given a probability measure v onM. with supp v 
compact and v G L^{0, 1) real-valued and non-zero {in L^{0, 1)), let fl = (suppz^)^, 
fi = i'^ , and 

Vuj{x) = ^ uj„v{x - n) 

n6Z 

for a; G ri . 

That is, the potential Kj is given on the interval {n,n + 1) by the coupling 
constant uJn times the single-site potential v shifted from (0, 1) to (n, n + 1). Con- 
sequently, Vuj is uniformly Lj^^. and hence H^ as defined in ^ is self-adjoint on a 
suitable domain by form methods or Sturm-Liouville theory. 
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Let us now state the main results for these operators. We begin with spectral 
localization in the discrete case. 

Theorem 1.4 (Spectral Localization - Discrete Case). Suppose the potentials {Kj} 
are as defined in Definition \l.l\ and the operators {H^} are given by ([1]). Assume in 
addition that supp ly contains at least two points. Then, for ^-almost every lj € Q, 
the operator H^ has pure point spectrum with exponentially decaying eigenvectors. 

Remark 1.5. (a) The additional assumption is necessary. Indeed, if supp v con- 
sists of a single point a, then the resulting potentials are constant and the operators 
H^ have purely absolutely continuous spectrum. In fact, they are just the discrete 
Laplacian up to a constant shift in energy. 

(b) The conclusion of the theorem means that for fi-almost every uj, there are 
Ek{uj) e R and ipk{uj) £ ^^(Z), k e Z+, such that if(^Vfe(w) = Ek{uj)ipk{^) for 
every k £ 1+, the finite linear combinations of the ipki^) o,re dense in ^^(Z), and 
we have exponential decay of the form 

(3) \M^.ri)\ < Cfc(c^)e-^'=(")l"-"'=(")l 

with suitable Cfe(aj),7fc(aj) G (0, oo) and nk{i-u) G Z. 

(c) One usually has some control over Cfe(a;),7fc(w) G (0,oo) and nk{io) G Z. In 
fact, having control of this kind is helpful in establishing dynamical localization. 

The formulation of the result in the continuum case is completely analogous: 

Theorem 1.6 (Spectral Localization - Continuum Case). Suppose the potentials 
{Vuj} o-fP' CIS defined in Definition \1.3\ and the operators {-ff^} are given by (|2|). 
Assume in addition that suppi' contains at least two points. Then, for ^.-almost 
every w G fi, the operator Hi^ has pure point spectrum with exponentially decaying 
eigenvectors. 

Here, exponential decay means that the eigenvectors obey an estimate of the 
form 

(4) \M^,x)\ < Cfc(w)e-^'=(-)l---'=(-)l 

with suitable Cfc(a;),7fc(a;) G (0,oo) and 2:^(0;) G M. While the statement of the 
result is completely analogous, the various existing proofs are significantly more 
involved in the continuum case as we will see later in the course. Moreover, there is 
a hidden subtlety in the continuum case. While the Lyapunov exponents are always 
positive at all energies in the discrete case, they may vanish on a discrete set of 
exceptional energies in the continuum case. This difference does not manifest itself 
on the spectral level, at least not in the way spectral localization is formulated 
above, but it does affect dynamical localization properties. There may in fact 
be non-trivial transport in the continuum case for initial states whose spectral 
measures give non-trivial weight to the set of exceptional energies. 

2. Lyapunov Exponents 

2.1. Definition of the Lyapunov Exponent. In this section we discuss the 
one-parameter family {j{E)}Ei£m of Lyapunov exponents associated with a given 
operator family {IIuj}u£n. These exponents measure the typical exponential growth 
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or decay of the solutions of the associated difference (resp., differential) equation, 
that is, 

(5) u{n + 1) + u{n - 1) + Vu,{n)u{n) = Eu{n) 
in the discrete case and 

(6) - u"{x) + V^[x)u{x) = Eu{x) 

in the continuum case. It is convenient to introduce the transfer matrices Me,u{') 
and measure their norms. 

Let us discuss the discrete case first. Note that a solution of ((5)) is uniquely 
determined by fixing two consecutive values. Moreover, the map from a given pair 
of consecutive values to another pair is clearly linear and hence given by a 2 x 2 
matrix. In particular, for each n G Z, there is a 2 x 2 matrix ME.u>(n), called the 
transfer matrix, so that for any solution u of (O, we have 

u[n) J . \ ' \u[U) 

In fact, it is easy to give an explicit description of Me^ujIji). Two popular and useful 
ways of viewing the transfer matrix are the following. The first follows directly from 
the way we introduced this matrix: denote by ud (resp., un) the solution of ^ that 
obeys (u(1),m(0))^ = (1,0) (resp., (u(1),m(0))^ = (0,1)). These are the Dirichlct 
and Neumann solution, respectively. Then, 

''uoin + l) UN{n+iy 



(7) MeA^) - I / N . N 

■ V "-d(") UN{n) 

The second builds up the matrix in a step-by-step way. Notice that ([5]) is equivalent 
to 

^u{n+l)\ _ fE -Vu;{n) -l\ / u{n) 



^^' \ u{n) J \ I J \u{n- 1) 

For n> 1, iterating ([8|), we find 



(9) Me An) = (^ 1 



r^'"'' [ 1 



For n < —1, there is an analogous formula for ME^uiiji). By definition, 
detM£;,„(n) = 1 and hence \\ME,u{n)\\ > 1, so that log ||Mb,„(?i)|| > 0. Lya- 
punov exponents measure the asymptotic behavior of ^ log ||M£;_t^(n)|| and hence 
the rate of exponential growth of ||Af£;.tj(n)||. 



Definition 2.1. If the limit 



lim -log||A/£;,„(7i)|| 

n— >-oo ri 



exists, we denote it by ^^{E) and say that H^ has Lyapunov behavior at energy E. 

Later in this section, we will pursue the following goals. First, we want to show 
that in our setting, for every energy E, ji^{E) exists for /i-almost every u € fl and is 
equal to a constant, which we denote by "l{E). As observed above, we always have 
7^(£'),7(_E) > 0. Hence, the main issue is whether these exponents are strictly 
positive. Our second goal will be to exhibit exponential growth or decay for all 
solutions of (O provided that juj{E). Third, we wish to show that randomness 
forces positive exponents. In the discrete case we will indeed prove that j{E) > 
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for every E. Naively, this seems to already establish spectral localization. While 
this conclusion cannot be drawn in general, it is true that global positivity strongly 
hints at spectral localization and, with more work, will in fact imply it for random 
potentials. We will discuss this in more detail later. 

Let us now discuss the continuum case. A solution of ([6|) is uniquely determined 
by its value and its derivative at some point. The defining property of the transfer 
matrices is again that it maps solution data from the origin to a given point, that 
is, 

u(x) J ' ^ ' \m(0) 

Introducing Dirichlet and Neumann solutions as above, we can write 

On the other hand, ([6]) is equivalent to 

V(a;)V_ /O V^{n)-E\ (v!{x)^ 



^^^^ \u(x)) \\ y \u{x) 

Thus, using ([TT]) to trace the evolution of the Dirichlet solution uu and the Neu- 
mann solution uat and plugging this into (jlOp . we find 



(12) -q-MeAx)=\^ ^ '^ j Me^^[x), 

which is the continuum analogue of ([S]) . The definition of Lyapunov behavior and 
the exponent ju>{E) is then the same as in Definition 12.11 

2.2. Existence of the Lyapunov Exponent. For the existence of the Lyapunov 
exponent, it is important that {ft, jjl, T) is ergodic, that is, if B belongs to the Borel 
cr-algebra and satisfies T~^B = B, then either ^i{B) = or fi{B) = 1. Let us 
establish this fact first: 

Lemma 2.2. (51, /i,r) is ergodic. 

Proof. Suppose B belongs to the Borel tr-algebra and satisfies T^B = B. Let e > 0. 
By construction of the product measure, we can find a finite collection Ci , . . . , C^- 
of mutually disjoint cylinder sets such that 

k 

(13) n{BAC)<e, where C=[jCj. 

i=i 

Choose n so that T~^C and C depend on disjoint sets of coordinates. Thus, by 
construction of the product measure and its T-invariance, we have 

(14) ^iiT-"c nc) = fl{T-'-c)^liC) = ^lic)^iic) = i,{cf. 

We also have by the choice of B, the T-invariancc of /.t, and the choice of C, 

^l{B A T-"C) = n{T-''B A T-'''C) = fi(T-'\B A C)) ^ pi(B AC) <e. 

Thus, 

l^i{B A (C n r-"C)) < n{B A C) + fi{B A T-"C) < 2e, 
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where the first step follows from BA{Cn T-'^C) CBACUBA T-'^C. It follows 
that 

(15) \n{B) - fi{C n r""C)| < 2e. 

Hence, 

\n{B) - i^i{Bf\ = \^i{B) - Ai(cn r""C)| + |Ai(cn r-"C) - i^i{Bf\ 

<2e+\ii{C)^-^iiBf\ 
^2e+\^i{C)+^l{B)\■\^i{C)-^^{B)\ 
< 2£ + 2e 

= 4£, 

where we used (ITil) and P^ in the second step and ([T5|) in the fourth step. Since 
e > was arbitrary, we have fJ,{B) ~ l^{B)^ and hence fi{B) £ {0, 1}. D 

A useful characterization of ergodicity is the following: 

Lemma 2.3. (i7,/^,T) is ergodic if and only if every measurable T -invariant func- 
tion on 57 is jjL-almost surely constant. 

Proof. Exercise. D 

As an aside we mention that the spectrum of Hi^ is /^-almost surely constant. 

Proposition 2.4. There is a set S C M such that a{H^) = S for ^-almost every 

Proof. By definition of H^, we have for every bounded open interval / = (a, h), 
trxiiHru) = ^{Sn,Xi{HTu)Sn) = ^{6n+i,Xi{Hu:)S„+i) = trxiiHij). 

n.GZ nGZ 

Thus, by Lemmas l2.2l and f2.31 tTXi{H^) is /i-almost surely constant. Of course, the 
full measure set depends on /. However, if we restrict our attention to intervals with 
rational endpoint, we can choose a common full measure set. Since trx/l-ffw) = 
if and only if a{H^) n / = 0, the proposition follows. D 

In fact, one can determine S explicitly: 

Proposition 2.5. With S = [—2,2] + suppz^, we have a{H^) = S for ji-almost 
every w e 17. 

Proof. Exercise. D 

This finishes the aside on the almost sure spectrum. Let us return to our study 
of Lyapunov exponents and to this end recall Kingman's Subadditive Ergodic The- 
orem: 

Theorem 2.6. Suppose {VL,^^T) is ergodic. If g-n : ^2 — > R are measurable, obey 
llSrilloo ^ n and the subadditivity condition 

then 

1 If 

lim -Sf„(a;) == inf - / g^iuj) dfi{uj) 

n->oo n n>l n J 

for fi-almost every cj G O. 
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Corollary 2.7. For every E, there is ^{E) > such that for ^-almost every w G O, 
we have 

lim -log\\ME.Un)\\^jiE). 

n— >-oo 77, 

In particular, for these uj^s, H^ has Lyapunov behavior at energy E and Jlo{E) = 

liE). 



Proof. Wc apply Theorem 12.61 Fix E and set 

gn{uj,E)^\og\\ME^u{n)\\. 
It is easy to check that these functions satisfy the subadditivity condition 

ff«+m(w,^) < gniuJ,E)+gmiT"uj,E). 

We may therefore apply Kingman's Subadditive Ergodic Theorem. For /i-almost 
every w S J7, we have 

1 1 /■ 

lim -gniuj,E) = inf - / gn{uj , E) dn{u}) , 

n^oo n n>l n J 

so we denote the right-hand side by 7(-B) and the corollary follows. D 

2.3. The Oseledec-Ruelle Theorem. 
Theorem 2.8. Suppose A,, e SL(2,]R) obey 

lim -||A„|| =0 

n— >oo Ti 

and 

lim -\og\\An---Ai\\ ==7>0. 

n—>oo Ji 

Then there exists a one- dimensional subspace 1/ C M^ such that 
lim - log II A„ • • • Aiv\\ = -7 for V eV\ {0} 

n— ^oo n 

and 

lim - log \\An ■ ■ ■ Aiv\\ =7 for v ^ V. 

Proof Write T„ = ^„ • • • Ai, i„ = ||T„||, a„ = || Ai||, and 

cos 9 



' smt^ 

Since |r„| is self-adjoint and unimodular, it has eigenvalues i„ and t^^. Define 0„ 
by |T„|ue^j = t~^ug^. Then, by self-adjointness again, \Tn\ug^+E. = tnUg^^j^-iL. It 
follows from the trigonometric formulae sin(a; + y) = sin a; cosy -|~ cos x sin y and 
cos(x + y) = cos X cos y — sin x sin y that 

ue = cos(6' - 9n)ug^ + sin(6' - 6'„)ue„+f ■ 

Thus, using ||T„ue|| = |||T„|u0||, 

(16) WTr^ueW = t^sin2(0 - 0„) + t-2cos2(0 _ 0„). 

By (fTB)) (with n replaced by n + 1), 

t2_^isin2(e'„ - 6i„+i) < ||r„+iU0j|2 

- c? t-^ 
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Since An+i is uniniodular, 

tn = \\Tn\\ < ||T)i-|-l|| ||^„+i|| = llrii+ill ||yl„-|_i|| = f„_|-ia„+i, 

and hence 

Since sin (x) > x^ for the values of x in question, we obtain 

(17) \0n-0^+,\<^. 

It follows from our assumptions that ^ |0n^^n+i| < oo and hence 0„ — > 9oo, which 
obeys 

oo 2 

(18) \On^e^\<Y,^. 



rn^n 



Let Uryo = ug^ and Wqo — ug^-^-z. . We claim that the assertion of the theorem holds 
with V given by the span of u^o- Since ||T„Woo|| < tn and ||T„Uoo|| ^ tn^- it suffices 
to show 

(19) \\TnVoo\\'^ > \tn for ^ large enough 
and 

(20) limsup - log \\TnUoo\\ < -7- 

Since 0„ — 9oo — > 0, ([T5)) follows from p^ . For every e > and n large, we have 
by dHl), dUl), and dUl), 

\\TnUoof^tlsm\eo,-0n)+t-^cos^'o ^ ^ 

/ oo 2 \ ^ 



■'OO ^nj 



t^ 

\m—7i '"' 



\ 2 



< 2(l+£)7« V^ '- I -2(l-£)7rj 



e 



\ 2 



^ g2(l+e)7« y^ ^(4e-2)7m J ^ p-2(l-e)7n 
\rn— n / 

and hence limsup„^3^ ^ log ||T„Uoo|| < (— l + 5e)7. Since this holds for every e > 0, 
we get (HOI)- □ 

2.4. Fiirstenberg's Theorem. In this subsection, let f denote a probability mea- 
sure on SL(2,]R) which satisfies 

(21) f\og\\M\\d,y{M)<oo. 

Let us consider i.i.d. matrices Ti,r2,..., each distributed according to v. Write 
Mn = T„ • • • Ti. We are interested in the Lyapunov exponent 7 > 0, given by 

1 w 

7 = lim - log ||A/„||, V + - a.s. 

n— J-oo 7Z 
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We are interested in conditions that ensure 7 > 0. To motivate the result below, 
let us give some examples with 7 = 0: 

• If i^ is supported in S0(2,M), then 7 = 0. 

• If 

2 « M-i and .-/^V2 0M_1 



1/2 J j 2 IvO 2yj 2' 

then 7 = 0: We have that 



M„ 



77l„ 

m-1 



where log77i„ = ai + • • • + a„ and {flj} arc i.i.d. random variables taking 
values ± log2, each with probability 1/2. Thus, log ||M„|| = |ai + • • • + a,-,] 
and the strong law of large numbers gives - log ||M„|| -^ almost surely. 
• lip€ (0,1) and 

1/2)}=^ ^^^ ^{( -? 0)} = ^-^' 

then 7 = 0. 

Furstenberg's Theorem shows that this list is essentially exhaustive in the sense 
that the two mechanisms above, no growth of norms or a finite (cardinality = 2) 
invariant set of directions, are the only ones that can preclude a positive Lyapunov 
exponent. 

Call two non-zero vectors vi , V2 in ]S? equivalent if V2 = Xvi for some A € R. The 
set of equivalence classes is denoted by P^. Since every M € SL(2,R) is invertible, 
it induces a mapping from P^ to P^ in the obvious way. 

Let A^(P^) denote the set of probability measures m on P^. Given M e SL(2, M) 
and m e A^(P^), we define Mm G M{P'^) by 



f{v)d{Mm){v) ^ / f{Mv)dm{v). 
Moreover, we define the convolution ly * rn E A^(P^) by 

f{v) d{v * m){v) = 1 1 f{Mv) dv{M) dm{v). 



If 1/ * 771 = 771, then 771 is called v-invariant. By a Krylov-Bogoliubov argument, 
^-invariant measures always exist. 

We now state the main result of this section: 



Theorem 2.9. Let v be a probability measure on SL(2,R) whieh satisfies (|2ip . 
Denote by Gn the smallest closed subgroup o/SL(2,R) which contains suppi/. 
Assume 

(i) Gj/ is not compact, 
and one of the following conditions: 

(ii) There is no finite non-empty set L C P^ such that M{L) = L for all 

M eG^. 
(ii') There is no set L C P^ of cardinality 1 or 2 such that M{L) = L for all 
M €G^. 

Then, 7 > 0. 
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Remarks, (a) We will show that (i)+(n) implies 7 > 0. 

(b) To so see that (ii) can be replaced by (ii'), we remark that (i) + (ii') implies (ii). 
To prove this, it is enough to show that if (i) holds and ui,...,Ufc are distinct 
elements of P"'^ with 

M{{vi, . . . , Vk}) ^{vi,..., Vk} for every M £ Gy, 

then k < 2. Each M £ Gu induces a permutation tt{M) of {wi, . . . , w^}, and 
■n : Gu — > 5fc is a group homomorphism. The kernel iJ of tt is a closed normal 
subgroup of G,y, and Gy/H is finite. By (i), H is not finite. If fc > 3, consider 
representatives of wi, U2, W3, which we denote by the same symbols. Write 

v^ = avi+l3v2, a,^7^0. 

If AI £ H, there are non-zero Xi such that Mvi ~ XiVi, i — 1,2, 3. This yields 

X^avi + \zliv2 = A3W3 
= Mv-i 

= aMvi + /3Mv2 
— aXiVi + I3\2V2. 

It follows that Ai = A2 = A3 and hence M = Aild. Since M £ SL(2,R), this shows 
H C {±Id} and H is finite; contradiction. 

(c) Note that the assumptions are monotonic in the support of the measure in the 
sense that if Thcorcm l2.9l applies to v, then it applies to any measure whose support 
contains the support of v. 

(d) Theorem 12.91 is a special case of a far more general result from [8] . 

Lemma 2.10. // v satisfies the assumption (ii) 0/ Theorem, \2.9l then every v- 
invariant measure is non-atomic. 

Proof. Assume that m is z^-invariant with 

w = ma,x{m{{v}) : v £P^} > 0. 

Let 

L ~ {v : m{{v}) = w}, 
which is a finite non-empty subset of P^. It follows that, for vq £ L, 

w ^ to({uo}) 
= (i^*m)({vo}) 



X{vo}iMv) dv{M) dm{v) 
X{M-^va]{'") dm{v) dv{M) 

m ({Af-^wo}) dv{M), 

where we used i/-invariance in the second step. 

On the other hand, m ({Af ^^wq}) < w for all M by the definition of w. Since 
the integral is equal to w, we see that 771 f{A/^^wo}) = w for i^- almost every M . 
In other words, {Af~^wo} € L for i/-almost every M. It follows that M~^{L) C L 
for i/-almost every M, and hence, by finiteness of L, for all A4 . This shows that 
M{L) = L for aU M, and so (n) fails. D 
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From now on, we assume that v satisfies (i) and (ii), and m e A^(P^) is v- 
invariant (and hence non-atomic). Our first goal is to express the Lyapunov expo- 
nent in terms of these two measures. 

Lemma 2.11. We have that 

j= ff log ^^ du[M) dm{v). 
JJ M 

Proof. This follows quickly from Birkhoff and Osceledec-Ruelle: The shift <t on 
SL(2,M)^+, the space of sequences (ri(a;),r2(a;), . . .), has the ergodic measure i/^+ . 
The skew-product 

a : SL(2,R)^+ x P^ ^ SL(2,M)^+ x P^, (w,w) ^ (crw,Ti(w)z;) 

leaves invariant the measure i^^+ x m. Consider the function 

(22) /(.,.)= log M^. 

\m\ 

Then, 

n ^-^ n \\v\\ n \\v\\ 

m—l " " " ' 

which, on the one hand, converges to 7 for almost every w and almost every v 
by Osceledec-Ruelle, and, on the other hand, Birkhoff's Theorem gives that it 
converges to // / (ii/^+ dm. Putting these two things together, 

(23) 7 = // log ^M!i d^z+ (^) dm{v) = // log ^^ dv{M) dm{v), 



as claimed. D 

Let us prove two auxiliary lemmas, which will be useful later in the proof of 
Theorem ES 



Lemma 2.12. IfmE A4{F^) is non-atomic and A/„ 7^ converge to M 7^ 0, then 
MnTn — > Mm weakly. 

Proof. Since M ^ 0, there is at most one direction v for which Mv is not defined 
(because the vectors in the direction of v are in Ker M), similarly for all the M„. 
Thus, for V outside a countable set C C P^, A'/„w and Mv are defined and we have 
MnV — > Mv as n — > 00. If / € C(P^), we therefore get 



f{v)d{Mnm){v)^ / f{Mnv)dm{v) -^ / f{Mv)dm{v)^ / f{v)d{Mm){v) 

by dominated convergence and m[C) = 0. That is, Mnm — )■ Mm weakly. D 

Lemma 2.13. If m E A^(P-'^) is non-atomic, then 

H = {M e SL(2, M) : Mm = m} 

is a compact subgroup o/SL(2,M). 

Proof. It is clear that H is a, closed subgroup of SL(2, R) so we only need to prove 
boundedness. Assume that there are M„ € H such that ||M„|1 — > cx). For a suitable 
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subsequence, ||M„^ |j^^M„^ converges to a matrix Moo 7^ 0, which obeys MooTO = m 
by Lemnia l2. 121 since m is non-atomic. On the other hand, 

det A/00 = hm det "'° = hm = 0, 

"^00 ||M„Jj „->oo ||A/„J|2 

so Moo is rank one and m must be a Dirac measure because of Moom = m] which 
is a contradiction. D 

We return to the proof of Theorem 12.91 and show that the measures Mn{uj)m £ 
A^(P^) converge weakly to a Dirac measure with a certain invariance property for 
almost every oj € SL(2,M)^+. 

Lemma 2.14. For 1/^+ -almost every to, we have the following: 

(a) There exists m^ G Ai{¥^) such that Mn{ui)ni — >■ m^ weakly. 

(b) For v-almost every M € SL(2,R), Mn{uj)Mm — )■ rrii^ weakly. 

(c) There exists Vui S P"'^ such that m^ = 6^,^ . 

Proof, (a) Fix g € C(pi) and define G : SL(2, R) ^ R by 

G{M) = I g{Mv)dm{v). 

Let Fn be the a-algebra of SL(2,R)^+ formed by the cyhnders of length n. Then 
Mn{-) is J>j-measurable. We want to show that G(M„(aj)) converges for almost 
every w. We will employ the Martingale Convergence Theorem; see [3 (2.10] for 
this result and [3 Sections 4.1 and 4.2] for background. 
We have that 



E(G(A/„+i)|J-„) = / G{M,,M)dv{M) 

g{Mr,Mv) dv{M)dm{v) 



g{Mnv) dm{v) 
= G{M„), 

where we used :^-invariance of m in the last step. This shows that uj 1— )■ G(A/„(tj)) 
is a martingale, and hence the limit 

Tg{uj) = lim G{MrX<^)) 

n— >oo 

exists for almost every uj by the Martingale Convergence Theorem. 

Now pick a countable dense subset {^fc} of C(P^) and take a; from the full measure 
subset where V g^(Lo) exists for all fc. Let m^ be a weak accumulation point of the 
sequence {M„(aj)TO}. Then 



gkdm^ = lim / gk d{M„ {uj)rn.) = lim / gk o MnAuj)dm = Tg^{uj). 

3^00 J j^oo J 

Since the limit is the same for every subsequence, we have in fact that Mn{Lu)m 

rrii^ weakly, as desired. 

(b) We have to show that for any g G C'(P^), 

(24) lim E(G(Af„A'/)) = T{g) = lim E(G(A'/„)), 1^ - a.e. M e SL(2,R), 
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where E is integration over lj. We will show 

(25) lim E([G(A/„+i) - G(A/„)]2) = 0. 

n— J-oo 

Since 

E([G(A/„+i) - G{Mn)f) ^ E ( fJ{g{M,,Mv) - g(M„«) dm{v) dv{M) 

we may deduce from (j25[) . for almost every w, 
lim I G{Mn{uj)M)-G{Mn{uj))diy{M) ^ lim I I g{M„{uj)Mv)~-g{M„{oj)) dm{v) di^iM), 



which implies (|24|) . 
Note that 

E ([G(A/„+i) - G(Af„)]') = E (G(A/„+i)2) + E (G(A/„)2) _ 2E (G(A/„+i)G(Af„)) 

and 



E(G(A/„+i)G(Af„))-E( / g{M„+iv) dm{v) ■ / g{M„v) dm{v 

g{MnMv) dm{v) dv{M) ■ / g{Mnv) dm{v) 

1 2\ 



= E 



]{Mnv)dm{v) 



Thus, 



and hence 

TV 



= E (G(A/„)2) . 
; ([G(Af„+i) - G(A/„)]2) = E (G(Af„+i)2) - E (G(Af„)2) 



N 



J2 E ([G(Af„+i) - G(A./„)]2) = ;^ E (G(A/, 



n+l) 



E (G(A/„)2 



= E (G(A/Ar+i)2) - E (G(A-/i 



Thus, ^;^^^ E ([G(A/„+i) - G(Af„)]2) < oo and ([23 follows, 
(c) Consider an oj for which (a) and (b) hold, that is, 

Af„(w)m— s-m^ and Mn{Lo)Mm -^ m^, j/ — a.c. A/ G SL(2, R). 

Let M{u>) be an accumulation point of the sequence {||Af„(cL')||~^A/„(w)}. Since i' 
is non- atomic, Lemma 12.121 implies 

M{uj)m = M{ijj)Mm = m^, z/ - a.e. A/eSL(2,M). 

If A<r((u;) is invcrtible, it follows that 

m = Mm, z/-a.e. Af e SL(2,M). 

But 

H = {M e SL(2,R) : m = Mm} 

is compact by Lemma [2. 131 which contradicts assumption (i) from Theorcm l2.9l It 
follows that M{uj) is not invertible, that is, its range is one-dimensional. But this 
implies the assertion since M{uj)m = m^. D 
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The next step is to show that convergence to a Dirac measure imphes norm 
growth. 

Lemma 2.15. Let m e A^(P^) be non-atomic and let {!/„} G SL(2,M)^+ with 
MnTTL — > 5u weakly for some u e P"'^ . Then, 

Um IIMJI = hm llAItll =00. 



Moreover, 

l|M>ll 



-> 



[w. 



M' 



for every w £M? . 

Proof. Assume first that there is a matrix M such that 



\\Mn\\ 

By Lemma 12.121 we have that 



M. 



Mm 



\\Mn\\ 

weakly. Thus, by assumption, Min = 5^- This shows that detM = since m is 
non-atomic (otherwise, m = M~^Sv = Sm-^v)- Therefore, 

Mn 1 
= det M = hm dct = lim -tt , 

n-s-oo 11^-^)! II "^°° ||-A^n|| 

which yields the first assertion. 

From Mm = 6y we also infer that the range of A'l is the line in w-direction. 
Denote a unit vector in this direction by the same symbol, v. If ei = (1,0)^ and 
62 = (0, 1)"^, we can therefore write 

Mei = ±||A/ei||w, Me2 = ±\\Me2\\v. 

Consider a vector w e R^. We have that 

\\M*w\\^ = |(M*u;,ei)|2 + \{M*w,e2)\^ 

= \{w,Mei)\^ + \{w,Me2)\^ 

= {\\Me,f + \\Me2r)\{w,v)\' 

This shows j|7\/eijp + ||A/e2|P = 1 (set w ~ v and use ||M*|| ~ 1) and hence 
||A/*w|| = |(ui,w)| for all w G R^, from which the second assertion follows. 

If M„/||M„|| does not converge, we can perform the steps above for each con- 
vergent subsequence and get the same limits for all such subsequences. This gives 
the claims for the entire sequence. D 

Our final goal is to prove that the norm growth must actually be exponentially 
fast. We first prove the following lemma, which will be helpful in this regard. 

Lemma 2.16. Let T be a measure preserving transformation on a probability space 
{Q,,dfi). If f & L^{n,diJ,) is such that 

n-l 

lim y /(T"a;) ^ 00 
for fi-almost every uj, then E(/) > 0. 
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Proof. The Birkhoff Theorem shows that we may define a function / for /^-almost 
every w by 

_. n— 1 

/>) = Um - ^ /(r"w). 

m=0 

By assumption on /, / > 0. Assume that E(/) = 0. Then, again by Birkhoff, 
f{uj) = for uj G Qq, where ^Iq is T-invariant and /i(r2o) = 1. 

Write 

)i-i 

jn=0 

For £ > 0, let 

Ag = {uj Cz il.Q : Sn{io) > e for every n > 1} 
and 

B,^\J T-" {A,) . 

k>0 

For u} <E B^, denote by k{uj) > the smallest integer with T^'^'^^'iu <E A^. Then, for 
n > k(uj), 

n-l 

7n— fc(u;) 

Dividing by n and taking n to infinity, we get 

where xa^ is defined through Birkhoff as before. Then, 

/i(A,) = E(x^J = E(xA,XsJ = 0. 
Since T is measure-preserving, we get ^{3^) = 0, which also implies 



M 



v£>0 / 



This is a contradiction since s„(aj) — >■ cx) implies tu € [J^^q Bi^. D 

Proo/ o/ Theorem[KE Consider the function / : SL(2, M)^+ xpi ^ SL(2, M)^+ xP\ 
f{u},v) = log ^^ 'ii^ji " ; compare (f^ . We saw above that 7 ~ E(/); see (f^. 
Therefore, our goal is to show that E(/) > 0. 

Note that i/* satisfies the assumptions (i) and (ii) if ly docs (since Mv = w ^ 
M*{w^) =1)^). Thus, by Lemmas [2J4l and [2J5l we have that 

f{a"\uj,v))^ log " "\/ " ^00 
\\v\\ 

m=0 " ' 

for almost every to and every w g P^ \ {w^i'}. In particular, this divergence holds 
i/^+ X TO-almost surely. Thus, it follows from Lemma [2.161 that E(/) > 0, which 
concludes the proof. D 



A SHORT COURSE ON ONE-DIMENSIONAL RANDOM SCHRODINGER OPERATORS 17 

2.5. Application of Fiirstenberg's Theorem in the Discrete Case. Let us 

now apply Fiirstenberg's Theorem to the Anderson model. Recall that it is given 
by a probability measure i/ on R with suppiJ compact and of cardinality > 2. For 
every E ^M., the measure induces a measure ly on SL(2, M) via 

E-v -1 



^^'1 

The definitions are such that the Lyapunov exponent associated with this ly at the 
beginning of this subsection is equal to jiE) defined earlier. 

Theorem 2.17. In the Anderson model, we have "f{E) > for every i? e R. 

Proof. Let us check that Fiirstenberg's Theorem applies. Fix any £' e M. Since 
suppi' has cardinality > 2, suppi/ has cardinality > 2, and hence G^, contains at 
least two distinct elements of the form 

M -( ^ "^ 
for example, Ma and Mb with a ^ b. Note that 

Taking powers of the matrix M^^\ we see that G^, is not compact. 

Consider the equivalence class of ei = (1,0)"^ in P-*^. Then M'^^^ei = ei and for 
every w G P^, (M(^))"w converges to ei. Thus, if there is a finite invariant set of 
directions L, it must be equal to {ei}. However, 



m(2) = M-Hh = ( ^ i 5 J ) e G. 



and M^'^'ei ^ ei; contradiction. Thus, the conditions (i) and (ii) of Theorem 
hold and, consequently, j{E) > 0. D 

2.6. Application of Fiirstenberg's Theorem in the Continuum Case. See 

3. Proving Localization Given Positive Lyapunov Exponents 

3.1. Spectral Averaging. Suppose that A G i?(£^(Z)) is self-adjoint and cj) € 
£^(Z) \ {0}. With the associated spectral measure /i, we therefore have 

^_, , fdfiiE) 



F(z):=(0,(A-z)-V)=y ^fr^, zeC\R 
For A G K, we consider the operator 

Ax = A + X{(l),-)<j>, 
which is a rank one perturbation of A. Define Fx and ^\ by 

(26) Fx{z) = {<t^,{Ax-z)-'<t>)^ j^f^, zeCy. 
Lemma 3.1. We have 

(27) Fxiz)- ^^'^ 



1 + \F{z) 
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Proof. Using the resolvent formula in the second step, we see that 

{Ax - z)- V -{A- z)-'^ = [(Aa - z)-' -{A- z)-i] 

= (A-z)-i(-A(0,.)</>)(A;,-z)-V 

and hence, by taking the the inner product with (p on both sides, 

Fx{z)^F{z) = -\Fx{z)F{z). 
Solving this for Fa(z), we obtain (QT]). D 

Theorem 3.2. We have 

f [dnx{E)] d\ = dE 

in the sense that if f G L^{M.,dE), then f G L^{R,d^\) for Lehesgue almost every 
X, J f{E)dnx{E) <E L\R,dX), and 



(28) J U f{E) dfix{E)\ dX = J f{E) dE. 

Proof Denote for S, A e R and z e C \ M, 

ME) ^ ^ 



E- z E + i 
and 

'''^^^ " X + F{z)-^ " A + F(-i)-i' 
By closing the contour in the upper half-plane, we see that 

10 ^z < 0. 
By dMl) and ^ we have 

f^E) dfix{E) ^ Fx{z) - Fxi-i) 

1 1 



A + F(z)-i A + F(-i)-i 
= h,{X). 

Observe that if ±3z > 0, then ±QF{z) > and hence ±3F(z)-i < 0. Thus, h^{X) 
has either two poles in the lower half-plane (if 3z < 0) or one in each half-plane (if 
9z > 0). Thus, the same contour integral calculation as above (with A instead of 
E) shows 

'27ri Qz > 0, 



f,{E)d^x{E)]dX= KXX)dX= ^ 

J J I ^z < 0, 

which proves ([SS)) for f = fz- The general case then follows from the fact the the 
finite linear combinations of the /z's are dense (which can be shown with the help 
of Stone- Weierstrass) . D 
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3.2. Localization via Spectral Averaging. 

Theorem 3.3. For the Anderson model on the line with a single-site distribution 
that has an absolutely continuous component, we have that H^^ is spectrally localized 
for fi-almost every w G O. 

Proof. By Fiirstcnbcrg's Theorem, the Osceledec-Ruelle Theorem, and Fubini, we 
have that 

(29) Leb(]R \ f<^) = 

for almost every w, where 

£^^{E eR: 7(£') > 0, 3 solutions u± with \u±{n)\ - e^''*^'!"! as n ^ ±cx)}. 

Note that the sets £i_j are invariant with respect to a modification of VL, on a finite 
set! We will perform such a modification, within the family {K;}, on the set {0, 1} 
because the pair {Sq, Si} is cyclic for each operator Hi^. 

Denote the set of w's for which (pn|) holds by Hq. We know that 



(30) ^lino) = 1. 

For oj e J7o, consider the operators 

-ffcj.Ao.Ai = H^ + Ao((5o, ■)So + Ai((5i, ■)Si, 

where Aq, Ai e M. For every fixed Aq, it follows from Theorem l3.2l and (PH]) that the 
spectral measure of the pair (i?cj.Ao.Ai, i^i) gives zero weight to the set M \ £^ for 
Lebesgue almost every Ai € M. Similarly, for every fixed Ai, the spectral measure of 
the pair (-ff(.j,Ao,Ai, i^o) gives zero weight to the set M\£i^ for Lebesgue almost every 
Ao € IR. As a consequence, we find that for Lebesgue almost every (Ao,Ai) € M^, 
the universal spectral measure of Hi^^Xo,Xi (the sum of the spectral measures of do 
and Si ) gives zero weight to the set M \ £i^ . Write Guj for this set of "good" pairs 
(Ao, Ai), so that 

(31) Leb(R2 \ G^) ^ 0. 

Let 

Oi = {tj + Ao^o + -^if^i : CO eD,Q, (Ao, Ai) e G^}. 
Since i^ac 7^ 0, it follows that from (|30|) and (|3T|) that 

Ai(^i) >0. 

Thus, by assumption on v, with positive v x v probability, it follows from (j29p that 
the whole-line spectral measure (corresponding to the sum of the Sq and Si spectral 
measures) assigns no weight to K \ ^^j and hence, with positive fi probability, the 
operator Hi^ is spectrally localized by subordinacy theory. 

Since localization is a shift-invariant event, the operator H^^ must in fact be 
spectrally localized for //-almost every w. D 

3.3. The Case of Singular Distributions. See [l]|3]. 



20 d. damanik 

4. The Kunz-Souillard Approach to Localization 

In this section wc present the Kunz-Souillard approach to localization in one 
dimension. This approach targets dynamical localization directly and has the addi- 
tional advantage that one can throw in a background potential essentially for free. 
As a consequence one may show that a given deterministic potential may be per- 
turbed by an arbitrarily small random potential so that the resulting Schrodinger 
operator is dynamically localized. In this sense, randomness dominates any other 
kind of disorder in one dimension and imposes its fingerprint — localization. 

The original Kunz-Souillard work was carried out in the discrete case; see [11) for 
the original paper and [21E1I6] for related material. There is work in the continuum 
inspired by Kunz-Souillard due to Royer |12| . A full continuum analogue of the 
discrete Kunz-Souillard method was recently worked out by Stolz and the present 
author [3]. 

The Kunz-Souillard method applies to single-site distributions v that are purely 
absolutely continuous. This is in some sense the price one has to pay for a very 
direct localization proof with a very strong conclusion. It is an interesting open 
problem to extend the scope of this approach to single-site distributions with a 
non-trivial singular component. 

Wc present the Kunz-Souillard method in the discrete case in Subsection l4. II and 
then discuss the continuum case in Subsection 14.21 



4.1. The Discrete Case. We assume that the probability measure j/ on M is 
purely absolutely continuous. More precisely, we assume that there is a bounded 
and compactly supported density r such that dv{E) = r(Ei) dE. Then, we define fl, 
Vuj, H^ as before; compare ([T]) and Definition ll.il Our main goal in this subsection 
is to prove the following result: 

Theorem 4.1. Under the assumptions from the previous paragraph, there are 
C, 7 e (0, oo) such that for m,n ^"L, we have 

(32) / fsup |(<S„„e-'*^-(5„)|) dii{u) < Ce-^l"-"!. 
Jn VtGK / 

For the proof of this result, we will mostly follow the excellent exposition from 
[21 Section 9.5] (interesting extensions may be found in [SJ [13]). For m, n G Z, 
denote 

(33) a{m,n) ^ / ( sup |((5m, e"'*^"'(5„)| ) d^i{uj). 

Jn VteK / 

Given L € Z+, denote by i/i ' the restriction of H^ to £^(— L, . . . ,L) and let 

(34) ULim^n)^ / (sup ((5™, e-'*'^-'''(5„\ ) d/z(w). 

Jn \teR \ ' / 

Note, however, that Hcj depends only on the entries uj-l, ■ ■ ■ , ^l of cj and hence 
the expectation in ([M|) is given by a (2L -I- l)-fold integral over M. 

Lemma 4.2. For m, n G Z, we have 

a(m,n) < limsupaL('Ti, n). 
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r(i) 



(L)> 



Proof. Regard H^j as an operator on ^^(Z) (i.e., set (Sj,Hi^ Sk) = if |j| > L 
or |A:| > L). Clearly, H^ converges strongly to H^ as L ^- oo. Thus, e^'*^'^ 
converges strongly to e"**^"^ as L — > oo. Consequently, the assertion follows by 
Fatou's Lemma. D 

The operator iJi ' is self-adjoint on £^{—L, . . . , L); we denote its eigenvalues by 
{E^'''} and the corresponding normalized eigenvectors by {f^f^'*^}. Let 

gL{m,n)^ J lj2\{S,n,'f!:''')\ \{Sn,^t'')\j M^)- 

Note that the sum consists of 2L + 1 terms. 
Lemma 4.3. For L G Z+ and m, n G Z, we have 

aL{m,n) < gL{m,n). 
Proof. We have 



aL{m,n) 



d^[uj) 



< 



(sup {Srn,e '*^- ( 

VteR ^ 
/fsup(5„,e-*«i^'^(^i^^5„)^i■^ 



(i/i(a;) 



QL{m,n), 



as claimed. 



D 



Given Lemmas 14.21 and 14. 3[ our goal is to prove QLim^n) < C'e^''''"'^"' with 
i-independent constants C, 7 € (0, 00). It suffices to prove this estimate for m > 
and n = 0. This will be done in three steps: 

(a) Represent gLiin, 0) with the help of a product of integral operators Tq and 
Ti (Lemma nil). 

(b) Prove estimates for Tq and Ti (Lemma 14. 7p . 

(c) Derive the desired exponential bound for gL{m,0). 

Recall that r denotes the density of the absolutely continuous single-site distri- 
bution. 

Definition 4.4. Denote M = max{|£;| : E G suppr} and Sq = [-2 - M, 2 + M]. 

The spectra of all operators H^^ and i/i are contained in Sq . 

Definition 4.5. For £: G M, define the operators U,To,Ti on LP{R) by 

Uf{x) = \x\-^f{x-') 

Tofix)^ friE^x-y-')fiy)dy 



T,fix)= r{E^x-y-')\y\-'f{y)dy 
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Lemma 4.6. With <f){x) = r{E — x), we have 

Proof. As pointed out earlier, QLiin, 0) can be expressed by a (2L + l)-fold integral: 

(35) 



QL{m,{)) = 



/■■/(eK*,.. 



L,k 



ft 



c L,k 



Y[ riVn)dV^L---dVL, 



= -L 



where V = {V-l, ■ • • , Vl) and we denote the eigenvalues (listed in increasing order) 
and corresponding normalized eigenvectors of 



fV-L 1 

1 V-L + 1 1 



\ 



V 



1 Vl-1 1 
1 VlJ 



by {E^^ }-L<k<L and {ip^' }-L<k<L, respectively. 
Thus, if E is Ey and u is ip~' , then we have 

(36) u{n + 1) + u{n - 1) + Vnu{n) = Eu{n) 

for — L < n < L, where u{—L — 1) = u{L + 1) = 0. We rewrite (p6| as 

u[n + 1) u{n — 1) 



(37) 



Vr,=E 



This motivates a change of variables. 



(38) 
where 

and 



V = {14}L-i 



u{n) 


u{n) 




{:r_^,.. 


.,.T_i,^, Xi,. 


•,a;L}, 


S = S^'^ 






^^•'(n-l) 


n< 
n>0. 





so that 



{E — a;„ij — Xn n < 
E-xZ\~x^^ n = 
E - a;„;|i - Xn n > 0, 

with a^Z/^_i = a;^ I ]^ = (which is natural in view of the definition above). 

We wish to rewrite (|55|) using this change of variables. In order to do this, we 
have to determine the Jacobian of the change of variables ([55)) . We claim that it 
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satisfies 






(39) 


det J = 


^ 1 + x-'^ {1 + x-^ {I 
+ xZl {l + xljjl 






To prove ((39|). we note that 



/-I xl 



1 X' 



L+l 



-1 
1 



-1 



V ^Z^ -1/ 

where the row mdex runs from x-^l at the top to xl at the bottom (with E in the 
middle) and the column index runs from V-l on the left to Vl on the right. Thus, 
if we expand along the central (Vo-)column, we find 

(-1 ■ ^ 



dct J = 1 ■ det 



-1/ 



— x_1 ■ det 



1 1 



V 

[-1 



-1/ 



Xi ^ • dct 



1 1 



-1 



-1/ 
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The first term is 1 and tlie otlicr two terms may be expanded along the central 
column again. Iterating the procedure, the first identity in (|39p follows. The 
second identity follows from the definition of the a;„'s: We have 



= 1 






and 



^-L+l 



^-L, 



^^^4^'i-L + l? 



L.k 



V,i{-L + 2) 



V 
L,k 









Iterating this, we find 



xZl{l + x-_l{l 



a+i{i + -:i}---}} 






Similarly, it follows that 



x^^{l+x^^l 



L L,k/ \2 

„=i V^v (0) 



Thus, 



det J 






X 



X^^{1- 

-xZl{l 



^r^^r 



vrioy 



L.K/ n2 
^ fy (») 



\v 



V I 









1 v^iz^Q? 



since ip-' is a normalized eigenvector. This proves p9p . 
We also note the following, 

(40) ^^/(m) 



L,k, 



^?;-(o) 
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We are now ready to carry out the substitution (|38l) in the formula (j35]) for 
^^(to, 0), using the identities ([39|) and (|40| : 



\ k / n——L 

=Y.J---J\4''('^iH''(^i n riVn)dv^L---dVL 

k n^ — L 

k n— — L 

= 11 \^i^---^;n'\\Y[r{E-x-\,-Xn)\r{E-xl'-xZ\) 
X 1 I r{E — x'^j^i — Xn) dx-L ■ ■ ■ dx^i dxi ■ ■ ■ dx^ dE. 

\ri=l / 



For fixed i? € Eo, it follows from the definitions that the inner integral has the 
required form: 



(rr-^r„^-™0,[/To^0), 



= / \x^'---x;^^\ ( n r{E-x-\-xA 
"{E - x^^ - xZ\) I W r{E - x~li - Xn) 1 dx-L ■ ■ ■ dx^i dxi ■ ■ ■ dxL 



The formula for gi(?Ti, 0) claimed in the lemma therefore follows. 



D 



In the following lemma, we denote the norm of an operator T : L^'{M.) -^ L'^{ 
by \\T\\p,,. 



Lemma 4.7. (a) ||Toi|i,i < 1. 

(b) sup{||To||i,2 : £; G So} < llrii;!^' < oo. 

(c) ri||2,2 < 1. 

(d) Ti is compact. 

ie)snp{\\T?\\2,2:Ee^o}<l- 
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Proof, (a) For / e L\R), we have 



\Tof\\ 



< 



Tof{x)\dx 

r{E -x-y^^)f{y)dy dx 
\r{E-x-y-')\\,f{y)\dydx 
r{E-x^y-')dx)\f{y)\dy 



r{x)dxj \f{y)\dy 

f{y)\dy 

Here we used that r is the (non-negative) density of an absolutely continuous prob- 
ability measure. 

(b) For /€ ii(R), we have 



\T^I\\l= / \T,^f{^)?dx 



r{E-x-y ^)fiy)dy dx 

< MooWfh j j HE - X - y-')\\f{y)\dydx 
= \\r\\oo\\f\\l 

Here we use an identity from the proof of (a) in the last step, 
(c) We have 

Til{x) = j r{E-x- y-^)\yr^f{y) dy 

= I r{E-x^y-^)\y\f{y)\y\-^dy 
r{E-x + y)\yr'f{~iyy')dy. 



Here we used the substitution y ~ ~{y) ^ ■ Thus, we can write Ti = KU , where 

Uf{x) = \x\-'S{-x-') 
and 

Kf{x)^ I r{E-x + y)f{y)dy. 
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Since we can write Kf ^ te * f with rsix) ~ r{E — x), it follows that 

||ri/||2 = iA^c//||2 

rE*Uf\\2 
rE*Uf\\2 

fS-ufh 

<\^\\oo-\\ffh 

rsh-WUfh 
fh- 
In the last step, we used that 

wufwi^ f\xnfi^x-')\'dx^ [ifiirdi^wfwi 



(d) Denote the Fourier transform by F and define K = FKF ^, U = FUF ^. 
Then, 

T^ = {KUf = KUKU = p-^KUkUF. 

Thus, to show that T^ is compact, it suffices to show that KUK is compact. To do 
so, we will show that this operator has an L'^ integral kernel and hence is Hilbert- 
Schmidt. 

Let gi e C^ (R) which is = I in a neighborhood of and let 52 = f ^ 5i • Set 

U,f{x)=g^[x)-U![x), * = I,2. 

In particular, U f ~ Uif + 1/2/- 
We have 

1 



UJik) = 



e-'''''Uif{x)dx 

e-'''-gi{x)\x\-'fi-x-')dx 

e-'''^"gi{x-^)\x\-\f{-i)dx 



;^-lM;^|-l 



e-"^- giii-'M 



/27r 
I 

" V2^ 
I 

' 72^ 

I 
" 2^ 

1 
" 2^ 

I 
" 2^ 

=: — / ai{k,p)f{p)dp 



e-">'^f{p)dp] dx 



-ikx 1-ipi /~-lx|~|_l ,- 



-ikx—ipx 



gi{x )\x\ dx\f{p)dp 
gi{x)\x\^^ dx] f{p)dp 



Similarly, 



with 



f/2/(fc) = — a2ik,p)f{p)dp 

ZTT 



a2{k,p) - / e-^'^'^-'P-'" g2ix)\x\-' dx. 
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The integral kernel of KUK is therefore given by 

b{k,p) = fE[k)ai{k,p)fE[p) + fE{k)a2{k,p)fE[p), 
so that 

llfc||L2(R.(jfe)xL2(K,rfp) < \\f\\L'^(M,.dk)'^^V\\o.l{k, ') lU^CK.rfp) ll^lli°°(R.dp) 

fe 

+ ||?"||L~(R,dfc) sup ||a2(-,p)||L2(R,dp)||^||L2(K,dp)- 
P 

Note that r e L^{M) n L°°(M) implies that r e L'^{M) n L^I*). and therefore 
f G L^j^i^) PI L°°(M). Thus, it remains to show that 

(41) sup||ai(fc,-)||i2(,i_dp) < oo 

k 

and 

(42) sup ||a2(-,p)||L2(R,dp) < oo. 

p 

For fixed fc, ai(fc, •) has a potential problem near 0, but 



X\ J\f\^N \X\ 



\x\>j^ Fl J\i\<N 

which converges, as iV — > cx), in L^-scnsc to the Fourier transform of the L^-function 
^-i{kx +px) ai(x ) ^ T^]^QgQ L^-Tiovvn is independent of k. Thus, (HTJ follows. 
For fixed p, 02 (•,p) is by definition the Fourier transform of the function 



/(P)(x) = V2^e-*P""'^^. 



Since 32 vanishes near 0, this is an L^ function. Obviously, its L^ norm is indepen- 
dent of p. By unitarity of the Fourier transform, ((42]) follows. 

(c) Since Tf is compact, so is \T^\ = {{T^YT^f/'^ . Since \T^\ is also positive, 
j|r^^|| is an eigenvalue of \Tl\. On the other hand, recall from the proof of (c) that 

||ri/||2 = ||?9 • ffh- Since |^(fc)| < 1 for fc ^ 0, we have that ||Ti/||2 < \\ffh = 
II/II2 for every non-zero / e L'^{R). Thus, 1 is not an eigenvalue of \T^\- Thus, 
||Tf II 7^ 1. By (c), we therefore have ||Tf || < 1. Finally, IIT^^H is independent of E 
since fsik) = e~'^'^fo(A:) and hence multiplication by rgj has norm independent of 
E. D 
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Proof of Theorem \4.1\ Since /x is T- invariant, it suffices to prove p2p for m > 
and n = 0. We have 

Jn \teR J 

~ a{m, 0) 



< linisupai(m, 0) 

L— i-oo 




< limsup QLirn, 0) 




= limsup / (Tl^' 


''Tt'^^,UT^4>)mn)dE 


< limsup / T{"- 


-%^-"'<j> 2 r„^0 2 di? 


< limsup / ||T|"" 


-Ill llT-i II \\rTiL — m—l\\ 

||2,2 Mo||l,2 Mo lU.l 



n2 



lTo|li,2|lTo^-^lli,i|10ilidi? 



< sup{||ri^||2,2 : E e So}^ • ||r||oo • Leb(I]o). 



The first step is just the definition of a{m,0), the second step follows from 
Lemma 14.21 the third step follows from Lemma 14.31 the fourth step follows from 
Lemma 14.61 the fifth step follows from Cauchy-Schwarz and unitarity of U, the 
sixth step is obvious, the seventh step follows from Lemma [4.71 and |j0||i = 1. Since 
sup{j|Ti^||2,2 : E G So} < 1 by Lemma l4?7l the theorem follows. D 

We mentioned earlier that dynamical localization implies spectral localization. 
Here is how to derive a spectral localization result from the dynamical localization 
result contained in Theorem 14. II 

Proposition 4.8. If there are constants C, 7 G (0,oo) such that 

max a(m,n) < Ce~^^"^\ 

riG{0,l} 

with a{m, n) as in (J33]), then for fi-almost every w € fi, H^ has pure point spectrum 
with exponentially decaying eigenvectors. More precisely, these eigenvectors obey 
estimates of the form 

k(n)|<a.,,„e-(''-^)l"l 
for small e > 0. 

Proof. Let 

a{m,n;uj) = sup |((5m, e"**-^'"(5„) | , 

so that a{m,n) — ^ a{m,n]Lo) d^{Lo). By the Chebyshev inequality, we have for 
e>0, 

(43) PL L : a{m, n; w) > e"*'^--')!"!) < e(''-'^)l™la(m, n). 

By assumption, for n G {0, 1}, a{m,n) < Ce~''l'"l and hence the left-hand side of 
(j331) is summable, so that by Borel-Cantclli, we have 

fj. [uj : a{m,n;ijj) > e"'^'''"'^'™' for infinitely many 71) = 

for n e {0, 1}. 
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Let US consider the full-measure set of oj's for which a{m, n; w) < C'cj.ee^^'''~^)l™ 
for n e {0, 1} and all to £ Z. By the RAGE Theorem and cyclicity of {6q, Si}, H^ 
has pure point spectrum for such w's. 

To prove exponential decay of the corresponding eigenvectors, consider the func- 
tions 

We have \fTix)\ < 1 and frix) — > (resp., 1) as T — > oo for x ^ E (resp., a; = E). 
Thus, by the functional calculus, 

(44) X{E}{H^) = s - hm 1 / e-^e-'^^- ds. 

Since in one dimension all eigenvalues of Schrodingcr operators are simple, the 
normalized eigenvector Ui^^e corresponding to the eigenvalue E of H^^ obeys 

= K,E{0)r'\{Sn^,X{E}{H^)So)\ 

< K,E{0)\-^a{m,0;Lu) 

provided that Mcj,b(0) ^ 0. We used (|i^ in the third step and our choice of a; in 
the fourth step. In the case where u^^.EiO) = 0, we must have Utj._E(l) 7^ since 
Uuj.E is a non-trivial solution of ([5]), and we repeat the steps above with 1 in place 
of 0. D 

4.2. The Continuum Case. See jHIT^. 
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